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Abstract
Let k[X] be the polynomial ring in n variables over a field k for some n ∈ N, and k(X) its field of
fractions. Assume that L is a subfield of k(X) containing k over which k(X) is algebraic. In spite of being
an important issue in Hilbert’s Fourteenth Problem, relations between finite generation of the k-subalgebra
L ∩ k[X] of k[X] and the extension degree [k(X) : L] of k(X) over L have not been investigated. In the
present paper, we give an example of L with [k(X) : L] = d such that L∩ k[X] is not finitely generated for
each d ∈ N with d  3 for n = 3.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Let k be a field, k[X] = k[X1, . . . ,Xn] the polynomial ring in n variables over k for some
n ∈ N, and k(X) the field of fractions of k[X]. Assume that L is a subfield of k(X) containing k.
Then, Hilbert’s Fourteenth Problem asks whether the k-subalgebra L ∩ k[X] of k[X] is finitely
generated. Zariski [13] showed in 1954 that the answer to this problem is affirmative if the tran-
scendence degree of L over k is at most two, while Nagata [9] gave the first counterexample in
1958 in the case where n = 32 and the transcendence degree of L over k is four. Nagata’s result
is valid for any field k which is not an algebraic extension of a finite field. In 1990, Roberts [11]
constructed a different type of counterexample in which n = 7 and the transcendence degree of
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eral new counterexamples have been constructed. Mukai [8] and Steinberg [12] refined Nagata’s
construction. Kojima–Miyanishi [3] and the author [4] generalized Roberts’ counterexample in
higher dimensions, while Freudenburg [2], Daigle–Freudenburg [1] and the author [5] improved
Roberts’ construction to obtain counterexamples in lower dimensions. All of these counterexam-
ples involve the invariant rings of certain algebraic group actions or the kernels of derivations,
where k(X) is transcendental over L. On the other hand, Noether’s classical result [10] implies
that the answer to Hilbert’s Fourteenth Problem is affirmative if L is the field of fractions of the
invariant ring of a finite group action on k[X]. In this case, k(X) is algebraic over L. However,
Hilbert’s Fourteenth Problem has not been studied well in the general case where k(X) is alge-
braic over L. It was unknown whether there could exist a counterexample L with k(X) algebraic
over L until the author [6] gave one for n = 3. Here, we note that k(X) is necessarily algebraic
over L if n = 3 and L ∩ k[X] is not finitely generated due to Zariski [13].
The purpose of this paper is to investigate the relation between finite generation of L ∩ k[X]
and the structure of the extension k(X) over L. Since the field k(X) is finitely generated, the ex-
tension degree [k(X) : L] is finite if and only if k(X) is algebraic over L. For the counterexamples
in [6], [k(X) : L] can only be certain even numbers at least twenty-two, as will be explained at
the end of Section 5. In the present paper, we construct counterexamples for n = 3 by a much
simpler method than that in [6]. As a consequence of our main result, we obtain a counterexample
L such that [k(X) : L] = d for each d ∈ N with d  3.
Assume that n = 3 and the characteristic of k is zero. Let δ1 and δ2 be natural numbers with
δ1 < δ2 such that δ2 is not divisible by δ1, and δ0 the greatest common divisor of δ1 and δ2. We
set δ′0 = δ1δ2/δ0 and δ′i = δi/δ0 for i = 1,2. Let π1 and π2 be polynomials in a variable z over
k whose constant terms are 1 such that the radical of the ideal (α1π
δ′2
1 + α2π
δ′1
2 )k¯[z] does not
contain π1 or π2 for any α1, α2 ∈ k¯, where k¯ is an algebraic closure of k. Then, the maximal
integer ′ for which πδ
′
2
1 −π
δ′1
2 is contained in z
′k[z] is positive. So, we may find  ∈ Z such that
′  δ′0 + 1 and   δ0. For Δ = (δ1, δ2;π1,π2) and  as above, we define LΔ to be the subfield
of k(X) generated by Π0 := X−δ02 + X3 and Πi := X−δi2 πi(X1X2) for i = 1,2 over k. Here, for
a commutative algebra R, φ ∈ R[z] and f ∈ R, we denote by φ(f ) the element of R obtained
from φ by substituting f for z.
Here is our main result.
Theorem 1.1. The k-subalgebra LΔ ∩ k[X] of k[X] is not finitely generated.
Let MΔ be the subfield of k(X)′ generated by Xδi2 πi(X1X
−1
2 ) for i = 1,2 over k, where
k(X)′ = k(X1,X2). Then, LΔ is isomorphic to MΔ(X3) via the automorphism of k(X) over k
defined by X1 → X1X−12 , X2 → X−12 and X3 → −Xδ02 + X3. So, we get the following.
Proposition 1.2. The automorphism group of k(X) over LΔ is isomorphic to that of k(X)′ over
MΔ, [k(X) : LΔ] = [k(X)′ : MΔ], and k(X)/LΔ is a Galois extension if and only if k(X)′/MΔ
is a Galois extension.
In fact, if M is a subfield of k(X)′, then the automorphism group of k(X) over M(X3) is
isomorphic to that of k(X)′ over M , [k(X) : M(X3)] = [k(X)′ : M], and k(X)/M(X3) is a Galois
extension if and only if k(X)′/M is a Galois extension.
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α1π
δ′2
1 + α2π
δ′1
2 is not contained in k¯ \ {0} for any α1, α2 ∈ k¯, since δ′1 < δ′2 by assumption. So,
the radical of (α1π
δ′2
1 + α2π
δ′1
2 )k¯[z] does not contain the greatest common divisor of π1 and π2,
and hence does not contain π1 or π2 for any α1, α2 ∈ k¯. In this case, ′ = 1 independently of the
choice of δ1 and δ2. Hence,  is an integer at least δ′0 +1, and LΔ is the subfield of k(X) generated
by X−δ02 +X3 and X−δi2 (1 + (−1)iX1X2) for i = 1,2 over k. Let us show that [k(X) : LΔ] = δ2.
By definition, MΔ is generated by Π ′i := Xδi2 + (−1)iX1Xδi−12 for i = 1,2. Observe that k(X)′
is generated by X2 over MΔ, and Ψ (X2) = 0 for Ψ = 2zδ2 − Π ′1zδ2−δ1 − Π ′2. Since Π ′1 and Π ′2
are algebraically independent over k, it easily follows that Ψ is irreducible over MΔ. Indeed, Ψ
is irreducible over the unique factorization domain k[Π ′1,Π ′2/Π ′1] by the Eisenstein criterion for
irreducibility. Hence, [k(X)′ : MΔ] = δ2. Thus, we get [k(X) : LΔ] = δ2 by Proposition 1.2. Note
that, for each δ2 ∈ N with δ2  3, there exists δ1 ∈ N with δ1 < δ2 such that δ2 is not divisible
by δ1. Therefore, we obtain the following corollary to Theorem 1.1.
Corollary 1.3. Assume that n = 3 and k is an arbitrary field of characteristic zero. Then, for
each d ∈ N with d  3, there exists a subfield L of k(X) containing k such that [k(X) : L] = d
and L ∩ k[X] is not finitely generated.
In Section 5, we show that k(X)/LΔ is not a Galois extension for this Δ. However, k(X)/LΔ
can be a Galois extension for suitable k and Δ. For instance, assume that k contains a primitive
δi th root ζi of unity and πi = (1 + (−1)iz)δi for i = 1,2. In this case, MΔ is generated by
(X2 + (−1)iX1)δi for i = 1,2. We define an automorphism τi of k(X)′ over k by
τi
(
X2 + (−1)iX1
)= ζi(X2 + (−1)iX1) and τi(X2 − (−1)iX1)= X2 − (−1)iX1
for i = 1,2, and G to be the subgroup of the automorphism group of k(X)′ generated by τ1
and τ2. Then, we see easily that the invariant subfield of k(X)′ for G is equal to MΔ. Hence,
k(X)′/MΔ is a Galois extension with Galois group G. Thus, k(X)/LΔ is a Galois extension
whose Galois group is isomorphic to G by Proposition 1.2. We remark that the order of τi is
equal to δi for i = 1,2, and G is isomorphic to (Z/δ1Z) × (Z/δ2Z).
We note that the author [7] recently constructed a counterexample L with [k(X) : L] = 2
when n 4. In fact, he gave a faithful action of G on k(X) such that k(X)G ∩ k[X] is not finitely
generated for each finite group G = {1}. Here, k is an arbitrary field of characteristic zero, and n
is any natural number with n 4 if the order of G is two, and nm(G) + 1 otherwise, where
m(G) is the minimal natural number for which G acts on the set {1,2, . . . ,m(G)} faithfully and
transitively. However, the case where n = 3 and [k(X) : L] = 2 remains open for any k.
Problem 1.4. Assume that n = 3. Let L be a subfield of k(X) containing k such that
[k(X) : L] = 2. Is the k-subalgebra L ∩ k[X] of k[X] always finitely generated?
The following problem is also unsettled.
Problem 1.5. Assume that n = 3 and k = Q. Let L be a subfield of k(X) containing k such that
k(X)/L is a Galois extension. Is the k-subalgebra L ∩ k[X] of k[X] always finitely generated?
2. Infinite generation
The following lemma is useful in proving that a k-subalgebra of k[X] is not finitely generated.
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(i) No polynomial in which the monomial Xln appears with nonzero coefficient is contained in
A for any l ∈ N.
(ii) There exists g ∈ k[X] \ k such that A contains a polynomial of the form gXln + (terms of
lower degree in Xn) for each l ∈ N.
Proof. Let S be the set of (a1, . . . , an) for a1, . . . , an ∈ Z0 such that Xa11 · · ·Xann appears in
some element of A, and S˜ the subsemigroup of (Z0)n generated by S, where Z0 denotes the
set of nonnegative integers. By the condition (i), S \ {0} does not contain an element whose first
n−1 components are zero. Hence, S˜ \ {0} also does not contain such elements. We define a func-
tion N : S˜ \{0} → R by N(a) = (∑n−1i=1 ai)−1an for a = (a1, . . . , an). Suppose to the contrary that
A is finitely generated. Then, we may find a finite subset S′ of S such that the k-vector space gen-
erated by Xa11 · · ·Xann for a1, . . . , an ∈ Z0 with (a1, . . . , an) ∈ S′ contains a generating set for A.
Let M be the maximum among N(a) for a ∈ S′ \ {0}. Then, N(a)M for each a ∈ S \ {0}. Ac-
tually, the semigroup S˜ is generated by S′, and N(a + b)max{N(a),N(b)} for a, b ∈ S˜ \ {0}.
Assume that the monomial Xb11 · · ·Xbnn appears in g for some b1, . . . , bn ∈ Z0. Then, S con-
tains b(l) := (b1, . . . , bn + l) for each l ∈ Z0 by the condition (ii). However, N(b(l)) > M for
sufficiently large l. This is a contradiction. Therefore, A is not finitely generated. 
In Sections 3 and 4, we will prove the following propositions.
Proposition 2.2. No polynomial in which the monomial Xl3 appears with nonzero coefficient is
contained in LΔ ∩ k[X] for any l ∈ N.
Proposition 2.3. There exists φ ∈ k[X] \ k such that LΔ ∩ k[X] contains a polynomial of the
form φXl3 + (terms of lower degree in X3) for each l ∈ N.
With the aid of Lemma 2.1, Theorem 1.1 immediately follows from these propositions.
3. The structure of k(Π1,Π2)
Let k[X,X−1] denote the Laurent polynomial ring in X1, X2 and X3 over k, and k[Π] =
k[Π0,Π1,Π2]. For each i ∈ Z, we denote by Vi the k-vector space generated by Xi11 Xi22 Xi33 for
i1, i2, i3 ∈ Z with i1 − i2 + δ0i3 = i. Then, k[X,X−1] is equal to the direct sum of the k-vector
spaces Vi for i ∈ Z, and ViVj is contained in Vi+j for each i, j ∈ Z. Hence, a Z-grading is defined
on k[X,X−1]. Since X−δi2 , X3 and X1X2 are contained in Vδi , Vδ0 and V0, respectively, we see
that Πi is contained in Vδi for each i. Hence, k[Π] is graded by this Z-grading. It follows that
f is in k[X] if and only if each Z-homogeneous component of f is in k[X] for f ∈ k[X,X−1].
Thus, k[Π] ∩ k[X] is also graded by this Z-grading.
Assume that g is an element of k[Π1,Π2] ∩ Vl for some l ∈ Z. Then, g = 0 only if l  0. If
this is the case, then we may write
g = Πa11 Π
a0δ′1+a2
2
a0∑
λa0−i
(
Π
δ′2
1 Π
−δ′1
2
)i
, (3.1)i=0
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∑2
i=1 aiδi = l, and λi ∈ k for i = 0, . . . , a0 with λi = 0 for
i = 0, a0. Let μ1, . . . ,μa0 be the solutions of the equation
∑a0
i=0 λa0−izi = 0 in k¯. Then, μi = 0
for each i, and (3.1) is expressed as
g = λ0Πa11 Πa22
a0∏
i=1
(
Π
δ′2
1 − μiΠ
δ′1
2
)
. (3.2)
Lemma 3.1. The k-algebra k(Π1,Π2) ∩ k[X][X−12 ] is contained in k[Π1,Π2].
Proof. Take any f ∈ k(Π1,Π2) ∩ k[X][X−12 ] \ {0}. Then, there exist f1, f2 ∈ k[Π1,Π2] \ {0}
such that f = f1/f2. Let f¯ , f¯1 and f¯2 respectively be the nonzero Z-homogeneous components
of f , f1 and f2 of the highest degree. Then, f¯ f¯2 = f¯1, since ff2 = f1. In addition, f¯ is in
k[X][X−12 ], while f¯1 and f¯2 are in k[Π1,Π2]. Thus, f¯ is also in k(Π1,Π2)∩ k[X][X−12 ]. There-
fore, it suffices to show that f¯ is contained in k[Π1,Π2]. Since f¯1 and f¯2 are Z-homogeneous,
they are expressed as in the right-hand side of (3.2). Hence, we may write
f¯ = αΠbs+11 Πbs+22
s∏
i=1
(
Π
δ′2
1 − γiΠ
δ′1
2
)bi , (3.3)
where s ∈ Z0, b1, . . . , bs+2 ∈ Z with (∑si=1 bi)δ′0 + ∑2i=1 bs+iδi = l, α ∈ k \ {0}, and
γ1, . . . , γs ∈ k¯ \ {0} with γi = γj if i = j .
We show that b1, . . . , bs+2 are nonnegative. Put gi = πδ
′
2
1 − γiπ
δ′1
2 for i = 1, . . . , s and
gs+i = πi for i = 1,2, and define hj = ∏i∈Ij gi(X1X2)bi for j = 0,1, where I0 and I1 are
the sets of i such that bi  0 and bi < 0, respectively. Then, we have f¯ = αX−l2 h0h1. By as-
sumption, f¯ is contained in k¯(X2)[X1], while h0 and h−11 are contained in k¯[X1,X2]. Hence, h0
is divisible by h−11 in k¯(X2)[X1]. Now, suppose to the contrary that bp < 0 for some p. Then,
gp(X1X

2) divides h
−1
1 , and so divides h0. Note that gp is not contained in k¯ \ {0}. In fact, the
radical of gpk¯[z] does not contain π1 or π2 by assumption. Hence, gp(β) = 0 for some β ∈ k¯.
Then, X1X2 − β divides h0, and so divides gq(X1X2) for some q ∈ I0. Then, gq(β) = 0. Since
p = q , we have πi(β) = 0 for i = 1,2. Since this holds for each β ∈ k¯ with gp(β) = 0, the radical
of gpk¯[z] contains π1 and π2. This is a contradiction. Therefore, b1, . . . , bs+2 are nonnegative,
and thus f¯ is contained in k[Π1,Π2]. 
Using Lemma 3.1, we get the following.
Proposition 3.2. The k-algebra LΔ ∩ k[X] is contained in k[Π].
Proof. First, we show that LΔ ∩ k(X)′[X3] is contained in k(Π1,Π2)[Π0]. Take any G ∈ LΔ ∩
k(X)′[X3]. Then, there exist g1, g2 ∈ k(Π1,Π2)[z] such that G = g1(Π0)/g2(Π0). Suppose that
G is not contained in k(Π1,Π2)[Π0]. Then, g1 is not divisible by g2. By replacing g1 with its
remainder divided by g2, we may assume that the degree of g1 is less than that of g2. Then,
gi(Π0) is in k(X)′[X3] for i = 1,2, and the degree of g1(Π0) in X3 is less than that of g2(Π0),
since Π0 = X−δ02 + X3. This contradicts that G is contained in k(X)′[X3]. Therefore, LΔ ∩
k(X)′[X3] is contained in k(Π1,Π2)[Π0].
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Π0 −X−δ02 , we may write F =
∑l
i=0 φiΠ
l−i
0 , where l ∈ Z0 and φi ∈ k[X1,X2,X−12 ] for each i.
On the other hand, F is contained in k(Π1,Π2)[Π0] by the argument above. Hence, we may write
F =∑l′i=0 φ′iΠl′−i0 , where l′ ∈ Z0 and φ′i ∈ k(Π1,Π2) for each i. Since Π0 is transcendental
over k(X)′, it follows that l = l′ and φi = φ′i for each i. Thus, φi is contained in k(Π1,Π2) ∩
k[X1,X2,X−12 ], and hence contained in k[Π1,Π2] for each i by Lemma 3.1. Therefore, F is
contained in k[Π]. 
To prove Propositions 2.2 and 2.3, we make use of Taylor’s formula. Let φ = (φi)li=0 be an
element of k(X)l+1 for some l ∈ Z0. For m = 0, . . . , l, we define a map Fφm : k(X) → k(X) by
Fφm(f ) =
l−m∑
i=0
φl−m−i
i! f
i
for f ∈ k(X). Note that Fφm(f ) is the mth order derivative of Fφ0 (f ) in f , where we regard f as
an indeterminate over k(X). Hence, by Taylor’s formula, it follows that
F
φ
0 (f + g) =
l∑
i=0
F
φ
i (g)
i! f
i for f,g ∈ k(X). (3.4)
Now, we prove Proposition 2.2. Suppose to the contrary that there exists Φ ∈ LΔ ∩ k[X]
in which Xl3 appears for some l ∈ N. By Proposition 3.2, Φ is contained in k[Π] ∩ k[X]. By
replacing Φ with its Z-homogeneous component in which Xl3 appears, we may assume that
Φ is in Vlδ0 . Write Φ =
∑
i0(φl−i/ i!)Πi0, where φi ∈ k[Π1,Π2] for each i. Then, we may
assume that φi is in Viδ0 for each i. Note that k[Π1,Π2] ∩ Viδ0 is equal to k if i = 0, and {0}
if i = 1 or i < 0. Indeed, Πi is in Vδi for i = 1,2, and 0 < δ0 < δ1 < δ2 by the choice of δ1
and δ2. Hence, φ0 = α for some α ∈ k and φi = 0 for i = 1 and i < 0. We remark that α is
not zero, since Xl3 appears in Φ by assumption, but does not appear in φl−iΠ
i
0 for any i = l. Put
φ = (φi)li=0. Then, Φ = Fφ0 (Π0). Since Π0 = X−δ02 +X3, we have Φ =
∑l
i=0(F
φ
i (X
−δ0
2 )/i!)Xi3
by the formula (3.4). This implies that Fφi (X−δ02 ) is in k[X] for each i, since Φ is in k[X]
and Fφi (X
−δ0
2 ) does not involve X3. In particular, F
φ
l−1(X
−δ0
2 ) = φ0X−δ02 + φ1 = αX−δ02 is in
k[X], a contradiction. Therefore, there does not exist Φ ∈ LΔ ∩ k[X] in which Xl3 appears. This
completes the proof of Proposition 2.2.
4. Construction of elements of LΔ ∩ k[X]
Let v : k(X) → Z ∪ {∞} be the X2-adic valuation of k(X) with v(X2) = 1, i.e., v(f ) = r for
f ∈ k(X)\{0} and r ∈ Z if f = Xr2f1/f2 for some f1, f2 ∈ k[X]\X2k[X], and v(0) = ∞. Then,
f is contained in k[X] if and only if v(f ) 0 for f ∈ k[X][X−12 ]. We remark that v(Πi) = −δi
and Πi is in Vδi for i = 0,1,2. So, if f ∈ k[Π] is contained in Vl for some l ∈ Z, then v(f )−l.
We set Πˆ = Πδ′21 − Π
δ′1
2 . Then, Πˆ = X
−δ′0
2 (π
δ′2
1 − π
δ′1
2 )(X1X

2). Since π
δ′2
1 − π
δ′1
2 is in z
′k[z] \
z
′+1k[z] by the choice of ′, we get v((πδ′21 −π
δ′1
2 )(X1X

2)) = ′. By assumption, ′  δ′0 + 1.
Thus, we obtain that v(Πˆ)  1. Note that there exist q1, q2 ∈ N such that q1δ1 = q2δ2 + δ0.
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Πˇ = Πq11 Π−q22 . Then,
X
−δ0
2 − Πˇ = X−δ02
(
Π
q2
2 − Xδ02 Πq11
)
Π
−q2
2 = X−δ02
(
π
q2
2 − πq11
)(
X1X

2
)
π2
(
X1X

2
)−q2 . (4.1)
By assumption, π1(0) = π2(0) = 1, and so πq22 −πq11 is contained in zk[z]. Hence, v(π2(X1X2))
= 0 and v((πq22 − πq11 )(X1X2))  . Thus, we get v(X−δ02 − Πˇ)   − δ0  0 by (4.1), since
  δ0 by assumption. As a consequence, we obtain that v(Π0 − Πˇ) 0.
Lemma 4.1. Let l and m be integers with l  0 and m δ′0 + 1. Then, for each Φ ∈ k[Π1,Π2] ∩
Vlq1δ1+mδ′0 , there exists φ ∈ k[Π1,Π2] ∩ Vlδ0+mδ′0 such that v(ΦΠ
−lq2
2 + φ) 0.
Proof. There exists an integer u with 0 u < δ′2 such that Φ is expressed as a linear combination
of Π(i0−i)δ
′
2
1 Π
iδ′1
2 for i = 0, . . . , i0 over k multiplied by Πu1 , where i0 = (lq1 − u)/δ′2 + m. Since
Π
δ′2
1 = Πˆ + Π
δ′1
2 , we may write Φ = Πu1
∑i0
i=0 αiΠˆ i0−iΠ
iδ′1
2 , where αi ∈ k for each i. Let i1 be
the minimal integer such that i1δ′1  lq2. We set
φ = −Πu1
i0∑
i=i1
αiΠˆ
i0−iΠiδ
′
1−lq2
2 and Φ1 = Πˆ−(i0−i1+1)Πu1
i1−1∑
i=0
αiΠˆ
i0−iΠiδ
′
1−lq2
2 .
Then, ΦΠ−lq22 + φ = Πˆ i0−i1+1Φ1. Put d = lδ0 + mδ′0 − (i0 − i1 + 1)δ′0. Then, Φ1 is contained
in k[Π1,Π2] ∩ Vd . Hence, v(Φ1)−d as mentioned. Thus, we get
v
(
ΦΠ
−lq2
2 + φ
)= (i0 − i1 + 1)v(Πˆ) + v(Φ1) (i0 − i1 + 1)(1 + δ′0)− lδ0 − mδ′0, (4.2)
since v(Πˆ) 1. By definition, u < δ′2 and i1 < lq2/δ′1 + 1. So, we have
i0 − i1 >
(
lq1
δ′2
− u
δ′2
+ m
)
−
(
lq2
δ′1
+ 1
)
>
l(q1δ1 − q2δ2)
δ1δ
′
2
+ m − 2 = lδ0
δ′0
+ m − 2.
Besides, l  0 and m δ′0 + 1 by assumption. Thus, the right-hand side of (4.2) is not less than
(
lδ0
δ′0
+ m − 1
)(
1 + δ′0
)− lδ0 − mδ′0 =
(
lδ0
δ′0
+ m − 1
)
− δ′0  (m − 1) − δ′0  0.
Therefore, we obtain that v(ΦΠ−lq22 + φ) 0. 
Take m ∈ N with m δ′0 + 1 and put φ0 = Πˆm. Note that φ0 is an element of Vmδ′0 .
Lemma 4.2. For each l ∈ Z0, there exist φ1, . . . , φl ∈ k[Π1,Π2] with φi ∈ Viδ0+mδ′0 for each i
such that v(Fφ(Πˇ)) 0 for j = 0, . . . , l, where φ = (φi)l .j i=0
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there exist φ1, . . . , φl−1 ∈ k[Π1,Π2] as claimed for some l > 0. Set Φ = Πlq22
∑l
i=1 φl−iΠˇ i/i!.
Then, Φ is contained in k[Π1,Π2] ∩ Vlq1δ1+mδ′0 . By Lemma 4.1, there exists φl ∈ k[Π1,Π2] ∩
Vlδ0+mδ′0 such that v(ΦΠ
−lq2
2 +φl) 0. Put φ = (φi)li=0 and φ′ = (φi)l−1i=0. Then, v(Fφ0 (Πˇ)) 0,
since Fφ0 (Πˇ) = ΦΠ−lq22 + φl . By induction assumption, we have v(Fφ
′
i (Πˇ))  0 for i =
0, . . . , l − 1. Since Fφi (Πˇ) = Fφ
′
i−1(Πˇ), we get v(F
φ
i (Πˇ)) 0 for i = 1, . . . , l. Thus, φ1, . . . , φl
satisfy the condition as claimed. Therefore, the assertion holds for any l. 
Now, let us prove Proposition 2.3. We show that there exists Φl ∈ LΔ ∩k[X] of the form Φl =
(φ0/l!)Xl3 + (terms of lower degree in X3) for each l ∈ N. Take φ1, . . . , φl ∈ k[Π1,Π2] as in
Lemma 4.2, and define Φl = Fφ0 (Π0), where φ = (φi)li=0. Then, Φl =
∑l
i=0(F
φ
i (X
−δ0
2 )/i!)Xi3
by the formula (3.4), and Fφl (X−δ02 ) = φ0. Hence, Φl has this form. Clearly, Φl is an element
of LΔ. So, it remains only to verify that Φl is contained in k[X]. By the formula (3.4), we have
Φl = Fφ0 (Πˇ + Π0 − Πˇ) =
l∑
j=0
F
φ
i (Πˇ)
i! (Π0 − Πˇ)
i . (4.3)
By the choice of φ1, . . . , φl , we get v(Fφi (Πˇ)) 0 for each i. As mentioned before Lemma 4.1,
v(Π0 − Πˇ) 0. Thus, we obtain v(Φl) 0 by (4.3). Since Φl is in k[X][X−12 ], this implies that
φl is contained in k[X]. Therefore, Φl is an element of LΔ ∩ k[X] of the form as claimed. This
proves Proposition 2.3, and thereby completes the proof of Theorem 1.1.
5. Remarks
First, we show that k(X)/LΔ is not a Galois extension for the Δ we discussed before Corol-
lary 1.3. By Proposition 1.2, it suffices to verify that k(X)′/MΔ is not a Galois extension.
Proposition 5.1. The number of the automorphisms of k(X)′ over MΔ is at most δ0. In particular,
k(X)′/MΔ is not a Galois extension.
Proof. Recall that [k(X)′ : MΔ] = δ2 and k(X)′ is generated by X2 over MΔ. Since δ2 > δ0, the
latter part follows from the former part. So, we prove the former part. Let ι be an automorphism
of k(X)′ over MΔ. Then, ι is uniquely determined by φ := X2/ι(X2). We show that φ is a δ0th
root of unity. Since 2Xδ22 − Π ′1Xδ2−δ12 − Π ′2 = 0 as mentioned in Section 1, we have 2ι(X2)δ2 =
Π ′1ι(X2)δ2−δ1 + Π ′2. From this equality, we get
2X2 = φδ1(X2 − X1) + φδ2(X2 + X1) (5.1)
by multiplying φδ2/Xδ2−12 by its both sides and substituting X2/φ for ι(X2). Take mutually
prime elements φ1, φ2 ∈ k[X1,X2] with φ = φ1/φ2. Then, (5.1) is written as
2X2φδ2 = φδ1
(
φ
δ2−δ1(X2 − X1) + φδ2−δ1(X2 + X1)
)
. (5.2)2 1 2 1
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δ1
1 are mutually prime, this implies that φ
δ1
1 divides X2. Hence, φ1 must be an
element of k \ {0}, since δ1 > 1. So, we may put φ1 = 1. Then, (5.2) is written as ψ2X2 = ψ1X1,
where ψ1 = 1 − φδ2−δ12 and ψ2 = 2φδ22 − φδ2−δ12 − 1. This implies that φ2 is in k. Actually,
if φ2 is not in k and φ¯2 is its highest degree part for the standard grading of k[X1,X2], then
2φ¯δ22 X2 = −φ¯δ2−δ12 X1. This is impossible, since δ2 > δ2 − δ1. Consequently, ψi is in k, and
so ψi = 0 for i = 1,2. These equalities imply φδi2 = 1 for i = 1,2. Since δ0 is the greatest
common divisor of δ1 and δ2, it follows that φ is a δ0th root of unity. Therefore, the number of
the automorphisms of k(X)′ over MΔ is at most δ0. 
Next, we review the counterexample for n = 3 given in [6]. Let γ be a natural number and
δ = (δi,j )i,j , where δi,j ∈ N for each i, j ∈ {1,2} with
δ1,1
δ1,1 + δ2,1 +
δ2,2
δ2,2 + δ1,2 <
1
2
. (5.3)
For γ and δ, we define Lγ,δ to be the subfield of k(X) generated by F1 := g2 −g1, F2 := Xγ3 −g1
and F3 := 2g1g2 − g21 over k, where g1 = Xδ1,22 /Xδ1,11 and g2 = Xδ2,11 /Xδ2,22 . We note that Lγ,δ
is equal to the subfield of k(X) generated by F1, F2 and g22 over k, since g
2
2 − F3 = F 21 . Then,
[6, Theorem 1.1] says that Lγ,δ ∩ k[X] is not finitely generated. Let us show that
[
k(X) : Lγ,δ
]= 2γ (δ1,2δ2,1 − δ1,1δ2,2). (5.4)
Put M = k(g1, g2). Then, M(Xγ3 ) is not equal to Lγ,δ , for otherwise M would be equal to
k(F1, g
2
2). Moreover, M(X
γ
3 ) is generated by g1 over Lγ,δ , and g
2
1 + 2F1g1 − F3 = 0. Hence,
we get [M(Xγ3 ) : Lγ,δ] = 2. It easily follows that [M(X3) : M(Xγ3 )] = γ and [k(X) : M(X3)] =[k(X)′ : M]. Furthermore, [k(X)′ : M] = δ1,2δ2,1 − δ1,1δ2,2. In fact, if (a1,1, a1,2) and (a2,1, a2,2)
are linearly independent elements of Z2, then the extension degree of k(X)′ over its subfield
generated by Xai,11 X
ai,2
2 for i = 1,2 over k is equal to |det(ai,j )i,j |. Then, (5.4) follows from[
k(X) : Lγ,δ
]= [k(X) : M(X3)][M(X3) : M(Xγ3 )][M(Xγ3 ) : Lγ,δ].
For example, δ1,1 = δ2,2 = 1, δ1,2 = 3 and δ2,1 = 4 satisfy (5.3). In this case, δ1,2δ2,1 −
δ1,1δ2,2 = 11, and so [k(X) : Lγ,δ] = 22γ . We show that δ1,2δ2,1 − δ1,1δ2,2  11 whenever δi,j ’s
satisfy (5.3). First, note that δi,1 + δi,2  3 for each i, for otherwise δi,1 = δi,2 = 1 for some i,
and then (5.3) would not be satisfied. It also follows from (5.3) that (δ1,1 + δ2,1)(δ2,2 + δ1,2) <
2(δ1,2δ2,1 − δ1,1δ2,2). Hence, if δ1,2δ2,1 − δ1,1δ2,2 < 11, then (δ1,1 + δ2,1)(δ2,2 + δ1,2) < 20. Due
to symmetry, we may assume that (δ1,1 + δ2,1, δ2,2 + δ1,2) is one of (3,3), (3,4), (3,5), (3,6)
and (4,4). In each case, the left-hand side of (5.3) is not less than 1/2. This is a contradiction.
Thus, δ1,2δ2,1 − δ1,1δ2,2  11. Therefore, [k(X) : Lγ,δ] can only be an even number at least equal
to twenty-two.
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